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1. Show that it is impossible for an electron to absorb or emit a photon.

Solution. First consider the process of an electron absorbing a photon. WLOG, as-
sume electron moves along x-direction and the photon moves along y-direction.

Conservation of momentum requires
(P8 +PB,,)* = R°F,
where subscripts e and p represent the electron and proton, respectively. Computing
the vector products yields
(14 B})E? +2E. + 2E.E, = E(1+ 6]+ 5))
(require energy be conserved) = (E, 4 E,)%(1+ 62 + 32
(L+ 57 + B0 EZ + (L+ 67 + BB, + (1 + 57 + B,7)2E. B,
Equality requires
L+ +07) = (148
=1
= 2

Y

which is clearly a contradiction.

The same argument can be made, leading to the same result, for the emission of a
photon.

Therefore, a free electron can neither absorb nor emit a photon.

2. Jackson 11.23 (a):
In a collision process a particle of mass ms, at rest in the laboratory, is struck by a
particle of mass m;, momentum p,;,;, and total energy Fj,;. In the collision the two ini-
tial particles are transformed into two others of mass ms and my. The configurations
of the momentum vectors in the center of momentum (cm) frame (traditionally called
the center-of-mass frame) and the laboratory frame are shown in the figure.

(a) Use invariant scalar products to show that the total energy W in the cm frame has
its square given by

W? =mj +m3 + 2maEjy
and that the cms 3-momentum p’ is

r_ mM2Piap
w



Solution. Let
Pla = (E'labap)7 Plla: (Eivp,:pll)
P2a = (m27 0)7 P2a = (Eév _p/ = p/2>
Energy and momentum conservation in lab frame gives
PY 4+ PY = P + P~
The total center-of-mass energy is W is
W? = (B +E)°
= (B} +E)° — (py + p3)°
= (A" + P2a)2-
This last term is Lorentz invariant, so
W2 = (P + P = (P +P5)
- P{lP1Q+P;{P2a+2PfP2a

m% + mg + 2m2E1
Now to find p’, look at
(PPR,)* = (maBr)? = my(pig, +mi) = mapy, + mim;
(Plapéaf = (EiEé +Pl2)2 = E12E22 + 2E1E§P/2 +p/4

where p without bold represents the magnitude of the different vectors.

Consider the second of the two above results,

(PP ) = (p?+md)(p? +m3) + 2B By + p*
2™ 4 (m? 4+ m3 + 2B E))p* + mim3
= pHEZ2+2EE,+ E2) +m?m?

27772 2,2
= pW?* 4+ mims.

Considering Lorentz invariance again, we get

Mt = PPW?
mo
p’ = Wplab-

But, p’ is in the same direction as p,,;, so

/ mo

P = Wplab‘



3. A mirror is moving through vacuum with relativistic speed v in the = direction. A
beam of light with frequency w; is normally incident from x + +o0.

(a) What is the frequency of the reflected light?

Solution. For a photon, p = (%, ha). Consider ¥ is the rest frame of light source and
observer and ¥’ the rest frame of mirror. The frequency transforms from ¥ to ' via
a Lorentz transformation,

1
w; = —————=(w; Ewi)
V1—0v%/c? c
1
wi = () + —w})

(b) What is the energy of each reflected photon?

!/

Solution. On reflection, w] = w}. So for the observer in ¥,

1
wp = (W) + ~u])
c

V1—0v%/c?
1 2
V1—=v?/c? c

(c—i—v)
= Wi .
c—v

(c) The average energy flux of the incident beam is P;. What is the average reflected
energy flux?

Solution. If n is the number of photons per unit volume of the beam, its average
energy flux is nhw. The average energy flux of the reflected beam is

P. = nchw,

= (C—i_v)nchwi
c—v

_ <C+U)B.
c—v




